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In J. Math. Phys. 13, 1608–1621 (1972), Erdahl considered the convex structure
of the set of N -representable 2-body reduced density matrices in the case of fermions.
Some of these results have a straightforward extension to the m-body setting and
to the more general quantum marginal problem. We describe these extensions, but
can not resolve a problem in the proof of Erdahl’s claim that every extreme point is
exposed in finite dimensions. Nevertheless, we can show that when 2m ≥ N every
extreme point of the set of N -representable m-body reduced density matrices has a
unique pre-image in both the symmetric and anti-symmetric setting. Moreover, this
extends to the quantum marginal setting for a pair of complementary m-body and
(N −m)-body reduced density matrices.
PACS numbers: 03.65.Ud, 03.67.Mn, 89.70.Cf
I. INTRODUCTION
The development of quantum information theory has generated interest in what is known
as the quantum marginal problem, i.e., the question of when a given set of reduced density
matrices (RDMs) can be obtained from an N -body state. A special case, known as the N -
representability problem asks when an m-body RDM for a fermionic system can be obtained
2from an N -body fermion state.
This question was extensively studied in the 1960’s and 1970’s in the hope of finding a way
to use the 2-body RDMs to simplify complex N -body computations. The N -representability
of the 1-body RDM has a simple solution found independently by several groups, including
[4, 7, 11, 21]. A 1-body RDM is N -representable if and only if its eigenvalues satisfy the
condition 0 ≤ λk ≤
1
N
which expresses the Pauli exclusion principle.
However, N -representability for the 2-body RDM is a far more challenging problem
on which little progress was made for over 30 years. In 2007, the hardness of this prob-
lem was formally recognized by proving that it belongs to the complexity class known as
QMA-complete [15], which is the quantum analogue of NP-complete, i.e. testing for N -
representability would require exponential time even on a quantum computer in the worst
cases.
Slightly earlier, Klyachko [1, 10] found a complete solution of the pure state N -
representability problem for the 1-body RDM. The earlier solution of the mixed state prob-
lem can be restated as the fact that the extreme points of the convex set of 1-body RDMs
arise from N -body Slater determinants. However, little was known about the images of more
complex states beyond an abstract induction result of Coleman [4] which can be viewed as
a constrained version of Weyl’s problem [19].
These advances came as a result of recent work in quantum information theory in which a
RDM is often called a “quantum marginal”. There are several variants [3, 9] of the question of
whether of a given set of quantum marginals is consistent; the N -representability problem
can be regarded as a special case of one of these. Although consideration of symmetry
constraints is at the heart of N -representability, some fundamental aspects of the convex
structure carry over from the anti-symmetric N -representability situation to the more general
quantum marginal setting for m-body RDMs.
In [6, Section 3], Erdahl claims that in finite dimensions, every extreme point of the convex
set of N -representable reduced density matrices (RDMs) is exposed. In trying to extend this
argument to quantum marginals, we found a subtle problem in the proof, which we describe
in Section III. Because some of the results in [6] easily extend to quantum marginals, we
introduce notation in Section II which makes such generalizations transparent.
However, Erdahl’s primary application of this result, i.e., his proof [6, Section 6] that
when 2m ≥ N , the pre-image of an exposed point of the set of N -representable fermionic
3m-body RDMs is unique holds for arbitrary extreme points. One needs only the observation
that the pre-image of a face is a face.
In addition we use one of his key observations [6, lemma 6.1] to show that a pair of
complementary quantum marginals has a unique pre-image when both are extreme points
of their respective sets of RDMs. This is a rather remarkable property of extreme points
because, in general, a pair of density matrices whose Hilbert spaces have a non-trivial overlap
seems to be essential to the unique determination of a pure state pre-image. Moreover, this
contrasts sharply with the situation when 2m < N for which a single extreme m-body RDM
can have multiple pre-images as shown recently in [16].
The rest of this paper is organized as follows. Section II introduces necessary concepts
and notation for both anti-symmetric case and quantum marginals. We then describe the
problem in Erdahl’s proof of the claim that every extreme point is exposed in finite dimen-
sions in Section III. Inspired by Erdahl’s primary application in [6, Section 6] that when
2m ≥ N every exposed point of the set of N -representable RDM has a unique pre-image,
we study the pre-images of extreme points and interior points in Section IV. Specifically,
before describing our main results of Section IV, we first give some intuition and background
in Sub-Section IVA. Then, by applying a technical lemma provided in Sub-Section IVB,
we show that Erdahl’s result holds for extreme points even if they are not exposed in Sub-
Section IVC. In Sub-Section IVD, we show that if the contraction map has a non-trivial
kernel, then every interior point of the set of N -representable RDM has non-unique pre-
images. Conclusion and future work can be found in Section V.
II. NOTATION
A. The antisymmetric case
LetH be a d-dimensional Hilbert space and letHN ≡ H
⊗N
− = H
∧N be the anti-symmetric
subspace of its N -fold tensor product. Let D(X) denote the set of density matrices for an
antisymmetric subspace X ⊆ H⊗N , i.e.,
D(X) = {ρ ∈ B(X) : ρ ≥ 0, Tr ρ = 1} (1)
where B(X) is the set of all bounded linear operators on X .
4Let Dm(X) denote the corresponding set of reduced density matrix (RDM), i.e.,
Dm(X) ≡ {ρm ∈ D(H
⊗m) : ∃ ρ ∈ D(X) with Trm+1,...,Nρ = ρm}
= convex hull {Trm+1,...,N |ψ〉〈ψ| : |ψ〉 ∈ X}. (2)
Then Dm(H∧N) is the set of N -representable RDM. The polar cone is
P
[
Dm(X)
]
≡ {V ∈ B(H⊗m) : Tr (V ρm) ≥ 0 ∀ ρm ∈ D
m(X)}. (3)
Every V ∈ P
[
Dm(X)
]
can be associated with a positive semi-definite Hamiltonian in B(X)
given by
HN(V ) =
∑
j1,j2,...,jm
V (j1, j2 . . . , jm) (4)
where V (j1, j2 . . . , jm) acts on Hj1 ⊗Hj2 ⊗ . . .⊗HjN . An extreme point is exposed if there
is a V ∈ P
[
Dm(H∧N)
]
such that Tr (V ρm) = 0 and Tr (V γm) > 0 for all γm 6= ρm. It
then follows immediately from the variational principle that the pre-image of ρm is a density
matrix for the ground state eigenspace of HN(V ). (Although the generic situation is a one-
dimensional eigenspace, it was shown in [16] that the pre-image of an exposed point can
be the set of density matrices associated with a degenerate ground state eigenspace of an
m-local Hamiltonian.)
Let {ρλ = λρ+ (1− λ)ρ
′ : λ ∈ [0, 1]} ⊂ C denote a line segment of a convex set C. A face
F of C is a subset with the following property. Whenever some element ρλ of a line segment
is in F for some λ ∈ (0, 1), then the entire line segment is in F . An extreme point of C is
a face of dimension 0. A face F of Dm(X) is exposed if there is an element V of the polar
cone such that Tr (V ρm) = 0 ∀ρm ∈ F and Tr (V γm) > 0 for all γm /∈ F .
Note that if a density matrix ρ ∈ D(X) does not have full rank, then it is in the face
(ker ρ)⊥∩D(X), i.e., the set of all density matrices γ for which range γ ⊆ range ρ. Therefore,
any state in the interior of D(X) must have full rank.
B. Quantum marginals
Some results about the convex structure of the set of N -representable RDMs have
straightforward extensions to convex sets associated with quantum marginal problem. In
5this situation we want to know if there is an N -body state consistent with a set of m-body
RDMs.
In the general case, we can replace H∧N by an arbitrary subspace HN ⊆ H
⊗N . For a
given set of indices J = {j1, j2, . . . , jm}, let J
C denote the complement in {1, 2, . . . , N} and
for any N -body state ρ1,2,...,N ∈ D(HN) define
ρj1j2...jm ≡ ρJ = TrJCρ1,2,...,N . (5)
What we called ρm in the previous section is more properly called ρ1,2,...,m. When HN is the
symmetric or anti-symmetric subspace of H⊗N this slight abuse of notation is justified by
the fact that ρm determines ρj1j2...jm for any set of indices. If we let HJ ⊆ H
⊗m denote the
subspace induced by HN , then, as above for any subspace X ⊆ HN we define
DJ(X) ≡ {ρJ ∈ D(HJ) : ∃ ρ1,2,...,N ∈ D(X) such that ρJ = TrJCρ1,2,...,N}. (6)
We can then replace ρm by a vector, e.g.,
~R2 = (ρ12, ρ13, . . . , ρ1n, ρ23, . . . , ρN−1,N )
or, more generally
~Rm = (ρ1,2,...,m, ρ1,2,...,m−1,m+1, . . . , ρN−m+1,...,N−1,N)
consisting of all possible m-body RDMs in some prescribed order. Then we define
Dm(X) ≡ {~Rm ∈ D(X) : ∃ ρ ∈ D(X) with ρJ ∈ DJ(X) ∀J with |J | = m}. (7)
Given a vector ~Rm with elements in D(H
⊗m) the consistency problem for quantum marginals
asks if there is a state ρ1,2,...,N ∈ D(HN) whose RDMs are given by the elements of ~Rm.
When HN = H
∧N this is the N -representability problem. Both DJ(X) and D
m(X) are
closed convex sets.
The polar cone P
[
Dm(HN )
]
consists of vectors
~Vm = (V1,2,...,m, V1,2,...,m−1,m+1, . . . , VN−m+1,...,N−1,N) (8)
with elements Vj1j2...jm ∈ B(Hj1 ⊗ Hj2 ⊗ . . . ⊗ Hjm) and Tr (~Vm · ~Rm) ≡
∑
|J |=m(TrVJρJ).
Elements of the polar cone of D(H⊗m) are associated with m-local N -body Hamiltonians
HN(V ) =
∑
|J |=m VJ which are positive semi-definite; the extreme rays have a ground state
with eigenvalue zero.
We may and do carry over the descriptions of face and exposed face using the concept of
polar cone to the quantum marginal case.
6III. A SUBTLE PROBLEM IN ERDAHL’S LEMMA
We now describe the problem in Erdahl’s proof of the claim that every extreme point
is exposed in finite dimensions. For simplicity, we consider the original anti-symmetric
situation with HN = H
∧N and use the notation introduced in Section IIA. However, it
should be clear that everything goes through in the more general quantum marginal setting
with ρm replaced by ~Rm.
Let A,B be subspaces with H∧N ⊃ A ⊃ B, and suppose that F = Dm(A) is an exposed
face of Dm(H∧N) the set of N -representable RDM and G = Dm(B) is another face which
lies in F . In [6, section 3]1 Erdahl states the following as Lemma 3.1.
Statement 1 If G = Dm(B) is an exposed face of the convex set Dm(A), then it is also an
exposed face of Dm(H∧N).
By assumption,
a) there is a V ∈ P
[
Dm(H∧N)
]
which exposes F , i.e., Tr (V ρm) = 0 ∀ ρm ∈ F and
Tr (V ρm) > 0 ∀ ρm ∈ D
m(A)\F .
b) there is a W ∈ P
[
Dm(A)
]
such that Tr (Wρm) = 0 ∀ ρm ∈ G and Tr (Wρm) >
0 ∀ ρm ∈ D
m(A)\G.
Although HN(V ) is positive semi-definite on H
∧N , the operator HN(W ) need not be
positive semi-definite. However, Erdahl claims that one can find a t > 0 such that tHN(V )+
HN(W ) is positive semi-definite. But we claim that this is true if and only if B ⊆ kerHN(W ).
(Erdahl states that “clearly” B ⊆ kerHN(W ), but gives no proof.)
We can decompose
H = H1 ⊕H2 ⊕H3 ≡ B ⊕
(
A ∩B⊥
)
⊕ A⊥,
and write HN(V ) and HN(W ) as block matrices accordingly
HN(V ) =


0 0 0
0 0 0
0 0 X33

 , HN(W ) =


0 0 Y13
0 Y22 Y23
Y31 Y32 Y33

 . (9)
1 It is ironic that there is a typesetting error in the title of this section so that what was intended as “In Finite
Dimensions . . . ” appears as “INFINITE DIMENSIONS ... ” rather than “IN FINITE DIMENSIONS”.
7The matrices X33 and Y22 are strictly positive definite by construction. However, the 2 × 2
block submatrix of tHN (V ) +HN(W ) obtained by omitting the second row and column is
 0 Y13
Y31 tX33 + Y33

 (10)
which can never be positive semi-definite for any t > 0 unless Y13 = 0, which is equivalent
to B ⊆ kerHN(W ). Although
|ψ〉 ∈ B ⇒ Tr1,...,mW
(
Trm+1,...,N |ψ〉〈ψ|
)
= 0 ⇒ 〈ψ,HN(W )ψ〉 = 0,
this does not imply that |ψ〉 ∈ kerHN(W ) because HN(W ) need not be positive semi-
definite 2. We can only conclude that |ψ〉 ∈ kerPAHN(W )PA where PA is the projection onto
A = kerHN(V ). In general, we do not expect that PAHN(W )PA is an m-body Hamiltonian.
If it were true that Y13 = 0, we could simplify Erdahl’s argument slightly because it
suffices to consider the non-zero 2× 2 submatrix of
tHN(V ) +HN(W ) =


0 0 0
0 Y22 Y23
0 Y32 tX33 + Y33

 . (11)
As noted above, the assumptions on the regions for which Tr (V ρm) > 0 and Tr (Wρm) >
0 imply that both X33 and Y22 are positive definite. Therefore, using a standard result for
2× 2 block matrices, (11) is positive semi-definite if and only if
Y †23Y
−1
22 Y23 ≤ tX33 + Y33 (12)
which always holds for t sufficiently large. To be precise, we could find µ, λ > 0 such that
Y22 ≥ µI and X33 ≥ λI so that it suffices to choose
t > 1
µλ
(
‖Y23‖
2 − µ‖Y33‖
)
. (13)
2 Indeed, if HN (W ) is not positive semi-definite, then there will always be vectors in H
∧N such that
〈ψ,HN (W )ψ〉 = 0 but ψ /∈ kerHN (W ). This is because on HN (W ) will have both positive and negative
eigenvalues on [kerHN (W )]
⊥ which implies that 0 in the numerical range of HN (W )
∣∣
[kerHN (W )]⊥
.
8IV. PURE STATE PRE-IMAGES AND THE UNIQUENESS QUESTION
A. Introduction and Intuition
In [6, Section 6] Erdahl proves that when 2m ≥ N every exposed point of the set of N -
representable RDM has a unique pre-image. We show that this holds for extreme points even
if they are not exposed by showing that [6, Lemma 6.1] still holds in the form of Theorem 6
below. Remarkably, we use this result to extend Erdahl’s result to complementary pairs of
quantum marginals, even without permutational symmetry or overlap.
Theorem 2 If 2m ≥ N any extreme point of the set of N-representable RDM has a unique
pre-image. Moreover, for fixed J whenever both ρJ and ρJC are extreme points of DJ(HN)
and DJC (HN) respectively, then the pre-image of the pair (ρJ , ρJC ) is unique.
The proof of Theorem 2 is an immediate consequence of Theorem 6 which is a straight-
forward generalization of Lemma 6.1 of Erdahl [6]. Before describing these results, we give
some intuition and background.
The intuition underlying this result comes from the so-called Schmidt decomposition in
the special case that ρm has non-degenerate eigenvalues with eigenvectors {|χk〉}. When the
pre-image is anti-symmetric and m ≥ N −m, we can find ρN−m and its eigenvectors {|φk〉}.
Then any pure state pre-image must have the form
|Ψ〉 =
∑
k
µk e
iθk |χk ⊗ φk〉. (14)
If |Ψ〉 is not unique (up to an overall phase factor), then, after suitable absorption of some
phase factors into the |χk〉, one can find a pair of pre-images which can be written as non-
trivial superpositions of the form
|Ψj〉 = x|ψ1〉+ e
iωjy|ψ2〉 ≡
∑
k∈K1
µk |χk ⊗ φk〉+ e
iωj
∑
k∈K2
µk |χk ⊗ φk〉 j = 1, 2 (15)
with K1, K2 non-empty and disjoint, |x|
2 + |y|2 = 1 and 0 ≤ ω1 6= ω2 < 2π. Since HN is a
vector space, both |Ψ1〉− |Ψ2〉 and e
−iω1|Ψ1〉 − e
−iω2 |Ψ2〉 are in HN which implies that both
|ψ1〉 and |ψ2〉 are in HN . Then using the orthogonality of the |φk〉, we find
ρm = |x|
2Trm+1,...,N |ψ1〉〈ψ1|+ |y|
2Trm+1,...,N |ψ2〉〈ψ2|. (16)
9This is a mixture and hence not extreme. This argument is essentially due to D. Smith [20]
who considered the case m = N − 1 and for m = 2, N = 3 even analyzed the general case
with degenerate eigenvalues. This argument is also the basis for a result of Diosi [5] which
we state next.
Theorem 3 (Diosi-Smith) Almost every pure state |ψ〉 ∈ H⊗N is uniquely determined by a
pair of RDM (ρJ , ρJ ′) with J ∩ J
′ 6= Ø and J ∪ J ′ = {1, 2, . . .N}.
Sketch of proof : For N ≥ 3, the set of |ψ〉 for which ρJ has degenerate eigenvalues has
measure zero. Moreover, the hypotheses of the theorem imply that JC ⊂ J ′ so that we can
determined ρJC by taking a suitable partial trace of ρJ ′ . Therefore, we can assume that
we have an expansion as in (14). Since we also have (J ′)C ⊆ J the eigenvectors of ρJ ′ and
ρ(J ′)C give a second expansion. Equating these two expansions pointwise gives a set of linear
equations 3 for xj ≡ e
iθj and x′j ≡ e
iθ′j . We have at most dimHJ + dimHJC unknowns and
dimHN equations. In typical situations dimHN ≈ dimHJ dimHJC . When this is not true,
as in the antisymmetric case, the symmetry restrictions give additional equations. Thus, in
general, we expect a unique solution for xj and x
′
k. With the additional requirement that
acceptable solutions must satisfy |xj | = |x
′
k| = 1, the situations in which multiple solutions
exist for the phases ωj will be expected to be very rare. QED
Theorem 2 says that when both ρJ and ρJC are extreme points of their respective set of
RDMs, then the pair (ρJ , ρJ ′) determines a unique pure pre-image |ψ〉 although for J
′ = JC ,
J ∩ J ′ = Ø precluding a second expansion. In view of the argument above, the claimed
result might seem too good to be true. However, when HN = H
⊗N with no constraints,
DJ(H
⊗N) = D(Hj1 ⊗Hj1 ⊗ . . .⊗Hjm) which is simply the convex hull of projections onto
pure states |χ〉 ∈ H⊗m. Therefore, in the complete absence of constraints, Theorem 2
simply reflects the fact that the extreme pairs have the form |χ〉〈χ|, |φ〉〈φ| and the pre-
image |ψ〉 = |χ⊗ φ〉 is a pure product state. On the other hand, when HN is the symmetric
or anti-symmetric subspace of H⊗N and 2m = N , we also have J = {1, 2 . . .m} and J ′ =
JC = {m + 1, m + 2, . . . , N}. However, permutations of the single expansion (14) which
exchange j ↔ k with j ≤ m and k > m give linear equations which determine the phases,
as above.
3 In general, an arbitrary pair of RDM ρJ and ρJc , will not even have a consistent set of linear equations
with a solution for xj and x
′
j , much less a set with unit norm.
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More generally, one might have other symmetry constraints on HN , e.g., rotational sym-
metry or translational symmetry for spin lattices. In such situations, the equations for
determining the phases might not be as transparent as for permutational symmetry. The-
orem 2 says that, nevertheless, the condition of being an extreme point of DJ,JC(HN ) is
sufficiently strong to uniquely determine the pre-image. To prove this, we need some addi-
tional lemmas.
B. Key Lemmas
Lemma 4 Let G be the span of the extreme points of a face of D(HN) for which every state
maps to a unique m-body RDM, i.e.
ρJ = TrJC |ψ〉〈ψ| ∀ |ψ〉 ∈ G. (17)
Then for any pair of orthogonal vectors |ψj〉, |ψk〉 in G,
(i) The (N−m)-th order transition density matrix TrJC |ψj〉〈ψk| = 0;
(in particular, for |ψ〉 symmetric or anti-symmetric Trm+1,...N |ψj〉〈ψk| = 0).
(ii) For any m-body operator Bj1,...,jm = BJ acting on Hj1⊗Hj2⊗ . . .⊗Hjm, 〈ψj, BJψk〉 =
0.
Proof : When dimG = 1, the result holds trivially, since there are no orthogonal pairs of
vectors. Therefore, we assume that dimG ≥ 2. Let {ρJ} be the unique set of m-body RDM
onto which all normalized vectors in G are mapped. Then for any a, b > 0 with a2 = b2 = 1
and any θ, consider the RDM ρJ of a|ψ1〉+ e
iθb|ψ2〉:
ρJ = TrJC
[
(a|ψ1〉+ e
iθb|ψ2〉)(a〈ψ1|+ e
−iθb〈ψ2|)
]
= a2ρJ + e
iθabTrJC |ψ1〉〈ψ2|+ e
−iθabTrJC |ψ2〉〈ψ1|+ b
2ρJ
= ρJ + ab
(
eiθ TrJC |ψ1〉〈ψ2|+ e
−iθ TrJC |ψ2〉〈ψ1|
)
(18)
which implies
0 = eiθ TrJC |ψ1〉〈ψ2|+ e
−iθ TrJC |ψ2〉〈ψ1| (19)
which is equivalent to ei2θA = A† when A = TrJC |ψ1〉〈ψ2|. Since this holds for θ arbitrary,
A = TrJC |ψ1〉〈ψ2| = 0.
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To prove (ii) it suffices to observe that (i) implies
〈ψ1, BJψ2〉 = TrJBJTrJC |ψ1〉〈ψ2| = TrJBJ0 = 0. (20)
Erdahl applied this Lemma to exposed points with G the ground state eigenspace of an
m-local Hamiltonian. For arbitrary extreme points the existence of G follows from the fact
that the pre-image of a face is always a face. For completeness, we sketch an elementary
proof for extreme points.
Lemma 5 Let |ψ1〉, |ψ2〉 be a pair of orthogonal vectors in H such that TrJC |ψ1〉〈ψ1| =
Tr JC |ψ2〉〈ψ2| = ρJ and assume that ρJ is an extreme point of DJ(HN). Then TrJC |ψ〉〈ψ| =
ρJ for any unit vector |ψ〉 ∈ span{|ψ1〉, |ψ2〉}.
Proof: Let a, b ∈ C, satisfy |a|2 + |b|2 = 1 and define |ψ±〉 = a|ψ1〉 ± b|ψ2〉. Then it is easy
to verify that
1
2
Tr JC |ψ+〉〈ψ+|+
1
2
Tr JC |ψ−〉〈ψ−| = ρJ (21)
contradicting the assumption that ρJ is extreme unless Tr JC |ψ+〉〈ψ+| = Tr JC |ψ−〉〈ψ−| = ρJ
which implies
abTrJC |ψ+〉〈ψ−|+ abTrJC |ψ−〉〈ψ+| = 0
which implies that |ψ±〉 ∈ span{|ψ1〉, |ψ2〉}. QED
Note that since (a, b) is an arbitrary pair of complex numbers with |a|2+ |b|2 = 1, we can
further conclude that (as above) TrJC |ψ+〉〈ψ−| = 0.
Theorem 6 (Erdahl) Let {|ψk〉} be an orthonormal basis for G with common m-body RDM
ρJ as in Lemma 4. Then for any pair with j 6= k, range(TrJ |ψj〉〈ψj|) ⊆ ker(TrJ |ψk〉〈ψk|)
or, equivalently in the case J = {1, 2, . . . , m},
|ψj〉 =
∑
t
µt|χt ⊗ θ
j
t 〉 (22)
with µt and {|χt〉}the eigenvalues and eigenvectors of ρm and 〈θ
j
s, θ
k
t 〉 = δjk for all s, t.
Proof: The expansion (22) is the standard Schmidt decomposition with {|θjt 〉} the eigenvec-
tors of TrJC |ψj〉〈ψj |. There is no loss of generality in assuming that µt > 0. By Lemma 4(i)
0 = TrJC |ψj〉〈ψk|
=
∑
s
∑
t
µsµtTrJC |χs ⊗ θ
j
s〉〈χt ⊗ θ
k
t |
=
∑
s
∑
t
µsµt 〈θ
j
s, θ
k
t 〉 |χs〉〈χt|. (23)
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Since the set {|χs〉〈χt|} is an orthonormal basis for B(H
⊗m) with respect to the Hilbert-
Schmidt inner product, the coefficients in (23) above must be zero. By assumption, the
singular values µsµt > 0 are all non-zero. Therefore
〈θjs, θ
k
t 〉 = 0 ∀ s, t when j 6= k. (24)
This gives (22) and implies range(TrJ |ψj〉〈ψj|) ⊆
(
range(TrJ |ψk〉〈ψk|)
)⊥
. The result then
follows from kerA = (rangeA)⊥ for any self-adjoint A. QED
To see how remarkable Theorem 6 is, consider the case N = 5, m = 2 and suppose that
|ψ1〉, |ψ2〉 have the same 2-body RDM. Then (22) becomes
|ψ1〉 =
∑
t
µt |χt(1, 2)⊗ θt(3, 4, 5)〉
|ψ2〉 =
∑
t
µt |χt(1, 2)⊗ φt(3, 4, 5)〉
with {|θt〉} and {|φt〉} spanning orthogonal subspaces of H
⊗3. However,
∑
t
|µt|
2Tr3|θt〉〈θt| = ρ45 =
∑
t
|µt|
2Tr3|φt〉〈φt| (25)
so that the convex hulls of the 2-body RDM associated with these orthogonal subspaces are
identical.
C. Pre-images of extreme points
When an extreme point is exposed, it follows that the pre-image is the convex hull
of unit ball of the ground state eigenspace so that the hypothesis of Theorem 6 holds.
Lemma 5 implies that Theorem 6 also holds for arbitrary extreme points, enabling us to
prove Theorem 2.
Proof of Theorem 2: This is an easy corollary of Theorem 6. Let GJ , GJc be the subspaces
of HN with common RDM ρJ and ρJc respectively. G = GJ ∩ GJc . By assumption G is not
empty. If dimG ≥ 2 then it contains a pair of vectors satisfying Theorem 6. But then
ρJC = TrJ |ψ1〉〈ψ1| = TrJ |ψ2〉〈ψ2| which implies that θ
j
s = θ
k
s contradicting the strong
orthogonality condition (24). When HN is the symmetric or anti-symmetric subspace of
H⊗N , and 2m ≥ N , then the same argument can be applied with J = {1, 2, . . . , m} and
JC = {m+ 1, . . .N}. QED
In the anti-symmetric case, particle-hole duality gives the following
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Corollary 7 For any N-fermion system, any extreme point of Dm(H∧N) has a unique pre-
image if 2m ≥ d−N .
In view of Theorem 2, and experience with situations encountered in atomic and molecular
problems, Erdahl conjectured that the pre-image of every extreme point of Dm(H∧N ) is
unique.
In [16], it was shown that this conjecture is false, even in the case of exposed points,
for both the original fermionic situation and the quantum marginal problem. As observed
in [16], Lemma 4 implies that a subspace of that form is a quantum error correcting code
(QECC) which can correct ⌊m−1
2
⌋ errors or detect m− 1 errors. Although most QECC are
associated with interior rather than extreme points of the m-body RDM, examples of QECC
which arise as the ground state eigenspace of an m-local Hamiltonian are now known.
These codes are typically associated with spin systems. A standard second quantization
argument maps the spin eigenstates to fermionic states with only half-filled shells. To ensure
that these are the ground states, the Hamiltonian includes a “penalty term” of the form used
in the Hubbard model. The classic examples of extreme points of 2-body RDM exhibit strong
pairing, as the case of “tight binding” and unique pre-images.
There are presumably large families of extreme points intermediate between this cases,
which are yet to be found.
D. Pre-images of non-extreme points
Since dimH⊗N is much larger than dimH⊗m, the partial trace operation will, in gen-
eral, take many distinct states to the same output state. Intuitively, this suggests that
non-extreme points of Dm(HN) to have multiple pre-images. Although this is the generic
situation, there are some significant exceptions which we discuss before stating a result about
non-uniqueness. Building on notation introduced previously, (e.g., the pair (ρJ , ρJ ′ ) in The-
orem 3) we let ~Q = (ρJ1, ρJ2 , . . . , ρJν ) denote a vector of RDM and DJ1,J2,...,Jν(X) the convex
set of such vectors with pre-images in X . We are interested in the conditions under which ~Q
does or does not have a unique pre-image in D(HN), and let Γ : D(HN) 7→ DJ1,J2,...,Jν(HN)
for which Γ(ρ) = ~Q (where we have suppressed the dependence on Ji for simplicity).
If a RDM vector ~Q does not lie on a face of DJ1,J2,...,Jν(HN ) which is also simplex, it
will have multiple decompositions into extreme points which we can write ~Q =
∑
k ak
~Qk =
14
∑
k a
′
k
~Q′k and assume that each
~Qk or ~Q′k has a unique pre-image |ψk〉〈ψk| or |ψ
′
k〉〈ψ
′
k|,
respectively. Then both ρ ≡
∑
k ak|ψk〉〈ψk| and ρ
′ ≡
∑
k a
′
k|ψ
′
k〉〈ψ
′
k| are pre-images of
~Q
which suggests non-uniqueness. However, it is possible that the two states ρ = ρ′ despite
the formally distinct decompositions. An example of such a situation occurs when an m-
local Hamiltonian has a doubly degenerate ground state eigenspace; then the corresponding
set of N -body RDM for the ground state is isomorphic to the Bloch ball. The image
of the Bloch ball under partial trace is also an ellipsoid which corresponds to a face of
Dm(HN). Each element of this face, even those which are not extreme, has a unique (possibly
mixed) state pre-image. This example also describes a situation in which the map from
Γ : DN(HN ) 7→ D
m(HN) is one-to-one. One simply chooses the subspace HN to be the
ground state eigenspace of such an m-local Hamiltonian with degeneracy.
A less artificial example of a one-to-one mapping occurs when HN = H
∧N is anti-
symmetric and dimH = d = N + m so that dimH∧N =
(
d
N
)
=
(
d
m
)
= dimH∧m. Then
Γ : ρN 7→ ρm is given by particle-hole duality as described in [6, Section 4] and [18]. More-
over, the maps from ρN 7→ ρm˜ must also be one-to-one for m˜ > d−N .
In view of these examples, the following theorem seems to be best possible. For the
anti-symmetric case, a stronger result was claimed by Rosina [17], who apparently did not
realize that the kernel of Γ could be trivial. His argument was similar to that given below.
Since
ker(Γ) = {T ∈ B(HN ) : TrJci T = 0, i = 1, 2 . . . ν}, (26)
it follows that Tr T = 0. Moreover, a non-trivial kernel contains at least one self-adjoint
matrix which we can write as T = T+− T− with both T+ and T− positive semi-definite. For
any ρ of full rank and sufficiently small µ, the matrix ρ+µT ∈ D(HN) and Γ(ρ+µT ) = Γ(ρ).
Thus, Γ has a non-trivial kernel if and only if DJ1,J2,...,Jν(HN) contains two distinct density
matrices with the same pre-image.
Theorem 8 If the map Γ : ρ 7→ ~Q has a non-trivial kernel, then all interior points of
DJ1,J2,...,Jν(HN) have non-unique pre-images in D(HN). Moreover, in this situation, every
interior point has at least two pre-images on the boundary of D(HN).
Proof: Let ~Q be an interior point of DJ1,J2,...,Jν(HN ), Since Γ is linear
4 the inverse image of
4 Here we use the fact that a linear map is continuous and interpret open as relatively open.
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any ball around ~Q is open. Thus, there is a point ~Q′ in the interior which has a pre-image
ρ′ in the interior of D(HN). We can find ǫ ∈ (0, 1) and ρ
′′ ∈ DJ1,J2,...,Jν(HN) such that
ρ = (1− ǫ)ρ′ + ǫρ′′. Then the pre-images satisfy ‖ρ− ρ′‖ = ǫ‖ρ′ − ρ′′‖ ≤ 2ǫ. By choosing a
sufficiently small ball around ρ one can make ǫ arbitrarily small so that ρ, the pre-image of
ρ, is in the interior of D(HN).
To prove the second part, we need the fact that every interior point of D(HN) has full
rank and consider the line ρ+ µT with T ∈ ker(Γ). Then Γ(ρ+ µT ) = Γ(ρ) = ~Q for all µ.
Since ρ has full rank, ρ + µT is an interior of D(HN) for sufficiently small µ. But since T
is not positive semi-definite, the line ρ+ µT must eventually cross the boundary of D(HN)
for some µ > 0 and some µ < 0.
In contrast to the anti-symmetric case, the symmetric subspace of H⊗N always has a non-
trivial kernel for any choice of ~Q because all RDM for the pair of GHZ states |0 · · ·0〉±|1 · · ·1〉
are identical.
Now recall that faces of D(HN) correspond to subspaces ofHN . One can apply Theorem 8
with HN replaced by a subspace H
′
N ⊂ HN to obtain the following corollary.
Corollary 9 If the map Γ : ρ 7→ ~Q restricted to a face F of D(HN) has a non-trivial kernel,
then all interior points of DJ1,J2,...,Jν(F) have non-unique pre-images in F . Moreover, every
interior point of DJ1,J2,...,Jν(F) has at least two pre-images on the boundary of F .
When Γ maps two distinct pure states into the same ~Q, the line connecting them is also
mapped to ~Q. Thus, if the RDM of a pure state do not determine it uniquely among all
pure states, then there will always be mixed states with the same image.
This leaves the following question. Suppose that |ψ〉〈ψ| is the only pure state mapped
to a RDM vector ~Q. Can there also be a mixed state ρ which is mapped to ~Q? By the
discussion above, there must then be a line from |ψ〉〈ψ| to a state ρ′ on the boundary which
collapses to the single point ~Q under Γ. By assumption, ρ′ can not be pure, but lies on
a face F of D(HN). Only in exceptional circumstances will Γ be one-to-one on F . Then
by applying Corollary 9, one can find two additional mixed states ρ′′ and ρ′′′ which lie on
the boundary of F . Continuing this process inductively, we find that the pre-image of ~Q
must be a cone whose apex is |ψ〉〈ψ| and for which typical extremal rays go from |ψ〉〈ψ| to
a mixed state on a one-dimensional face (i.e., a line) on the boundary of D(HN). Thus, in
general, if some mixed state has the same image as |ψ〉〈ψ|, there will be a mixed state of
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rank two with the same image. An equivalent characterization of rank two mixed states is
that they are the reduction of pure state after extension to a qubit environment.5
In a series of papers, [8, 13, 14] Linden, et all showed that the answer to the question
above is negative in certain special situations, including a triplet of qubits. Their main focus
in the later papers is on the number of elements in ~Rm needed to determine the state when
the number of parties N is large. Their work uses parametric analysis so that “generic” can
be interpreted as “almost every” in a probabilistic setting. Although settings with a trivial
kernel seem extremely rare, we do not have a similar measure theoretic interpretation.
V. SUMMARY AND OPEN QUESTIONS
Let us summarize the various situations we know
a) Almost all pure states are uniquely determined by a pair of RDMs ρJ , ρ
′
J which overlap
in the sense that J∩J ′ 6= Ø and J∪J ′ = {1, 2, . . .N}. In the language of [5, 13, 14] we
can say that almost all pure state are uniquely determined by a pair of RDM ρJK , ρKL
where J ∪K ∪ L = {1, 2, . . . , N};
b) When both (ρJ and ρJC ) are extreme points of the set of RDM DJ(HN) and DJC(HN)
respectively, there is a unique pure state pre-image satisfying TrJC |ψ〉〈ψ| = ρJ and
TrJ |ψ〉〈ψ| = ρJC ;
c) When 2m ≥ N and ρm ≡ ρ1,2,...,m is an extreme point of the set of symmetric or
anti-symmetric N -representable m-body RDM, it has a unique pre-image;
d) When 2m < N , there are extreme points of the set of m-body consistent quantum
marginals ~Rm with non-unique pre-image. These map to extreme points of the set of
m-body fermionic RDM with non-unique pre-image. For m = 2, the smallest N for
which an example is known is N = 9.
e) If the contraction map Γ : D(HN) 7→ DJ1,J2,...,Jν(HN) has a non-trivial kernel, then all
interior points of DJ1,J2,...,Jν(HN ) have non-unique pre-images in D(HN). Moreover,
5 This fits into our framework using a subspace of H⊗(N+1) for which HN+1⊗ ⊆ H
⊗N ⊗C2.
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in this situation, every interior point has at least two pre-images on the boundary of
D(HN).
A number of open questions remain.
A) Is there an extreme point of the set of N -representable m-body RDM or consistent
m-body quantum marginals which is not exposed?
B) What is the smallest N for which an extreme point of the set of 2-body consistent
quantum marginals has a non-unique pre-image. Known results on QECC imply
N ≥ 5[2].
C) If there is only one pure state with RDM vector ~Q, can there be a mixed state with
the same RDM vector ~Q. We showed in the previous section that for generic situa-
tions, any such mixed state has rank two or, equivalently, it suffices to consider qubit
environments.
The question of whether or not every face of the set of m-body reduced density matrices
is exposed is of some theoretical interest. On the other hand, the relevance for the N -
representability problem is not so clear. As pointed out by Kummer [12] the set of m-body
N -representable RDM is the closed convex hull of its exposed points so that any extreme
point which is not exposed is arbitrarily close to an exposed point. Moreover, for the original
motivation of a constrained variational computation for an N -body Hamiltonian, it clearly
suffices to consider the exposed points.
Finally we remark that we use HN ⊆ H
⊗N because that is the situation most commonly
considered. However, most of our results apply more generally to subspaces of H1 ⊗H2 ⊗
· · · ⊗ HN because such situations can be embedded as a subspace of some H⊗N .
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